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Abstract : In the differential geometry of certain F-structures, the role of hh-curvature 
tensor is very well known. A detailed study of this tensor has been made on the 
spacetime of general relativity. The spacetimes satisfying Einstein field equations with 
vanishing IT-tensor have been considered and the existence of Killing and 
conformal Killing vector fields has been established. Perfect fluid spacetimes with 
vanishing VP-tensor have also been considered. The divergence of IP-tensor is studied in 
detail and it is seen, among other results, that a perfect fluid spacetime with 
conserved IP-tensor represents either an Einstein space or a Friedmann-Robertson- 
Walker cosmological model. 
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1. Introduction 


Pokhariyal and Mishra [8] have introduced a new curvature tensor and studied its 
properties. This (0,4) type tensor, denoted by W 2 , is dehned as 

(1.1) W 2 (X, V, Z, T) = R{X, Y, Z,T) + ^^ [g{X, Z)Ric(F, T) - g{Y, Z)Ric(X, T)] 

where 

R{X,Y,Z,T) = g{R{X,Y,Z),T) and R{X,Y, Z) = DxDyZ - DyDxZ - D^x,y\Z 

{D being the Riemannian connection) is the Riemann curvature tensor, 
Ric(X, y) = g{R{X),Y) is the (0,2) type Ricci tensor and R is the scalar 
curvature. 

For the sake of convenience, we shall denote this tensor by W. This curvature tensor, 
in local coordinates, can be expressed as 

(1.1®) khaftcd Rabcd T n—1 [dacRbd 9bcRad\ 

and satishes the following properties: 

(1-2) fFafecd ~ kFfoacdj kFaftcd 7^ kFafedo abed 7^ hFcdaft 

(1-3) Wabed + fhfecad + Wcabd = 0 

which, in index-free notation, can be expressed as 

W{X, Y, Z, T) = -W{Y, X, Z, T) 

(1.2a) wlx, Y, Z, T) ^ -hF(X, R, T, Z) 

wlx, Y, Z, T) ^ W{Z, T, X, Y) 

(1.3a) W{X, Y, Z, T) + W{Y, Z, X, T) + W{Z, X, R, T) = 0 

In the differential geometry of certain F-structures, this tensor (IR 2 or W) has 
extensively been studied by a number of workers. Thus for example, for a Sasakian 
manifold this tensor was studied by Pokhriyal [9]; while for a P-Sasakian manifold 
Matsumoto et al [7] have studied this tensor. On the other hand, in terms of 
lR 2 -tensor, Shaikh et al [10] have introduced the notion of weekly lR 2 -symmetric 
manifolds and studied their properties along with several non-trivial examples. The role 
of lR 2 -tensor in the study of Kenmotsu manifolds has been investigated by Yildiz and 
De [14] while N(k)-quasi Einstein manifolds satisfying the conditions R{^,X).W 2 = 0 
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have been considered by Taleshian and Hosseinzadeh [12], Most recently, Venkatesha 
et al [13] have studied Lorentzian para-Sasakian manifolds satisfying certain conditions 
on ff^-curvature tensor. 

Motivated by the all important role of W 2 -curvature tensor in the study of 
certain differential geometric structures, in this paper we have made a detailed study of 
this tensor on the spacetime of general relativity. In section 2, algebraic properties of 
Ih-curvature tensor are given, while the spacetimes with vanishing hh-tensor have been 
considered in section 3. The existence of Killing and conformal Killing vector helds has 
been established for such spacetimes. Perfect fluid spacetimes satisfying Einstein held 
equations for IK-hat spaces have also been studied. Section 4 deals with a detailed 
study of divergence of IK-curvature tensor and perfect huid spacetimes. A number 
of results concerning the vanishing of the divergence of IK-tensor have been proved 
and it is seen that a perfect huid spacetime with vanishing divergence of IK-tensor is 
either an Einstein space or a Friedmann-Robert son-Walker cosmological model. 

2. hP-Curvature Tensor 

It is known that the Bianchi diherential identity is given by 

(2.1) e Rated + ^ cRabde + ^ dRahec = 0 

where a semi-colon denotes the covariant diherentiation. This equation, in index-free 
notation can be expressed as 

(2.1a) (Vc 7 R)(A, K, Z, T) + (VzR)(A, K, T, U) + (VtR)(X, K, [/, Z) = 0 

Let V 4 be the 4-dimensional spacetime of general relativity, then equation (1.1) 
takes the form 

(2.2) IK(A, K, Z, T) = R(X, Y, Z, T) + 1 [g{X, Z)Ric(K, T) - g{Y, Z)Ric(X, T)] 

From equations (2.1a) and (2.2a) it is easy to see that IP-curvature tensor satishes 
the equation 


{XxW){Y,Z,T,U) + {XyW){Z,X,T,U) + {VzW){X,Y,T,U) 

= l[g{Y,T){Xxmc){Z,U) - g{Z,T){Xxmc){Y,U) 
^ ’ +g{Z,T){VYRic){X,U) - g{X,T){VYRic){Z,U) 

+g{X, T) (VzRic) (K, U) - g{Y, T) (V^Ric) (X, U)] 

which, in local coordinates, can be expressed as 

/2 ^ahPbcde T ^b^^cade T ^c^^abde 

= ^[dbdi'^aRce “ cRae) + 9cd{'^bRae “ aRbe) + 9ad{'^cRbe “ VfeRce)] 
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If the Ricci tensor Rat is of Codazzi type [4], then 

(2.5) (VxRic) (Y, Z) = (VrRic)(X, Z) = (VzRic)(X, R) 
or, in local coordinates 

(2.5a) VaRce = VcRae = VgRac 

(The geometrical and topological conseqnences of the existence of a non-trivial Codazzi 
tensor on a Riemannian manifold have been given in [4].The simplest Codazzi tensors 
are parallel one.) 

From eqnation (2.5a), equation (2.4) leads to 

(2.6) ValFftcde + VblFcade + VcITafede = 0 
which we call as Bianchi-like identity for VF-curvature tensor. 

Conversely, if IF-curvature tensor satisfies the Bianchi-like identity (2.6), then equation 
(2.4) reduces to 

9hd{^aRce ^cRae) T 9cd{^bRae ^aRbe) T 9ad{^cRbe ^bRce) 0 

Contraction of the equation with yields 

^ aRdc ^ cRda 

which shows that the Ricci tensor is Codazzi. Thus we have 

Theorem 2.1 : For a V4, the Ricci tensor is of Codazzi type if and only if IF-curvature 
tensor satishes the Bianchi-like identity (2.5). 

3. Spacetimes with vanishing IF-curvatnre Tensor 

Let V 4 be the spacetime of general relativity, then from equation (1.1a) we have 

(3.1) IFabcd Rabcd T ~^\9acRbd 9bcRad\ 

(3.2) Wt, = + i K- gtcR'Si 

Contraction of equation (3.2) over h and d leads to 

(3.3) Wbc = -{Rbc — -^R9bc) 
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so that 


(3.4) = 0 

Definition 3.1 : A spacetime is said to be Vh-flat if its hh-curvature tensor vanishes. 
For a IF-flat spacetime, equation (3.2) leads to 

(3.5) Rtj = - gi.Ri) 

which on contraction over h and d yields 

(3.6) Rtc = ^gbc 

Equation (3.6) shows that a VF-flat spacetime is an Einstein space. Thus, we have 

Theorem 3.1 : A IF-flat spacetime is an Einstein space and consequently the scalar 
curvature i? is a covariantly constant, i.e. ViR = 0. 

Remark 3.1 : The spaces of constant curvature play a significant role in cosmology. 
The simplest cosmological model is obtained by assuming that the universe is isotropic 
and homogenous. This is known as cosmological principle. This principle, when 
translated into the language of Riemannian geometry, asserts that the three 
dimensional position space is a space of maximal symmetry [2, 11], that is space of 
constant curvature whose curvature depends upon time. The cosmological solutions of 
Einstein equations which contain a three dimensional space-like surface of a constant 
curvature are the Robertson-Walker metrics, while four dimensional space of constant 
curvature is the de Sitter model of the universe (c.f., [11]). 

In general theory of relativity, the curvature tensor describing the gravitational 
field consists of two parts viz., the matter part and the free gravitational part. The 
interaction between these parts is described through Bianchi identities. For a given 
distribution of matter, the construction of gravitational potential satisfying Einstein 
field equations is the principal aim of all investigations in gravitational physics; and 
this has often been achieved by imposing symmetries on the geometry compatible with 
the dynamics of the chosen distribution of matter. The geometrical symmetries of 
spacetime are expressed through the equation 

(3.7) £^A - 2nA = 0 

where A represents a geometrical/physical quantity, denotes the Lie derivative with 
respect to a vector field ^ and hi is a scalar. 
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Let the Einstein field equations with a cosmological term be 

(3.8) Rbc - ^Rgbc + ^9bc = ^Tbc 

where Rbc is the Ricci tensor, R, the scalar curvature, A, the cosmological constant, 
k, the non-zero gravitational constant and Tbc, the energy-momentum tensor. From 
equation (3.6), equation (3.8) leads to 

(3.9) (A - j)gbc = kTbc 

Since for hh-fiat spacetime R is constant, taking the Lie derivative of both sides of 
equation (3.9) we get 


(3.10) {A-j)£^gbc = k£^Tb, 

We thus have the following 

Theorem 3.2 : For a hh-fiat spacetime satisfying Einstein field equations with a 
cosmological term, there exists a Killing vector field ^ if and only if the Lie derivative 
of the energy momentum tensor vanishes with respect to 

Definition 3.2 : A vector field ^ satisfying the equation 

(3.11) £^gbc = ‘^^gbc 

is called a conformal Killing vector field, where is a scalar. A spacetime satisfying 
equation (3.11) is said to admit a conformal motion. 

From equation (3.10) and (3.11) we have 

(3.12) 2fl(A - ^)gbc = k£^Tbc 
which on using (3.9) leads to 

(3.13) £^Tbc = 2nTbc 

The energy-momentum tensor Tbc satisfying equation (3.13) is said to posses the 
symmetry inheritance property (cf; [1]). Thus, we can state the following 

Theorem 3.3 : A hh-fiat spacetime satisfying the Einstein field equations with a 
cosmological term admits a conformal Killing vector field if and only if the 
energy-momentum tensor has the symmetry inheritance property. 
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Consider now a perfect fluid spacetime with vanishing fC-curvature tensor. The 
energy-momentum tensor T^c for a perfect fluid is given by 

(3.14) The = (/u + p)ubUc + pgbc 

where p is the energy density, p the isotropic pressure, Ua the velocity of fluid such 
that = — 1 and gbev!^ = Uc- 

From equations (3.9) and (3.14) we have 

R 

(3.15) (A - j - ]^p)gbc = k(^ -h p)ubUc 

which on multiplication with g’^‘^ yields 

(3.16) R = k{p — 3p) + AA 
Also, the contraction of equation (3.15) with leads to 

(3.17) R = 4{kp + A) 

A comparison of equations (3.16) and (3.17) now yields 

(3.18) p + p = 0 

which means that either p = 0, p = 0 (empty spacetime) or the perfect fluid spacetime 
satishes the vacuum-like equation of state [ 6 ]. We thus have the following 

Theorem 3.4 : For a IF-flat perfect fluid spacetime satisfying Einstein held equations 
with a cosmological term, the matter contents of the spacetime obey the vacuum-like 
equation of state. 

The Einstein held equations in the presence of matter are given by 

(3.19) Rab - ^Rgab = kTab 

which on multiplication with g^"^ leads to 

(3.20) R = -kT 
Equation (3.19) may be expressed as 

(3.21) Rab = k{Tab — -Tgab) 
so that in the absence of matter, the held equations are 

(3.22) Rab = 0 
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Equations (3.22) are the field equations for empty spacetime. 


It is known that [2, 11] the energy-momentum tensor for the electromagnetic field 
is given by 

(3.23) T,, = + \gabFp,FP^ 

Where Fac represents the skew-symmetric electromagnetic field tensor satisfying Maxwell’s 
equations. From equation (3.23) it is evident that T“ = T = 0 and the Einstein 
equations for a purely electromagnetic distribution take the form 

(3.24) Rab = kT,, 

Moreover, from equation (3.19) we have 

(3.25) ycRab — '^bRac = cTab “ bTac) + ■^{dab'^cR “ dac^bR) 

If Tab is of Codazzi type, then equation (3.25) becomes 

(3.26) Vci?ab - Vbi?ac = ^{gab'^cR “ gac'^bR) 

which on multiplication with g°'^, after simplification, leads to 

(3.27) VbR‘'^ = 0 
Thus we have 

Theorem 3.5 : For a V 4 satisfying Einstein field equations, the Ricci tensor is 
conserved if the energy-momentum tensor is Codazzi. 

4. Divergence of lE-curvature tensor and perfect fluid spacetimes 

The Bianchi identities are given by 

(4.1) V eRhcd + ^cRbde + ^dRbec = 0 

Contracting equation (4.1) over h and e, using the symmetry properties of Riemann 
curvature tensor, we get 

(4.2) VhRbcd = '^d.Rbc — y cRbd 

It is known that Riemannian manifolds for which the divergence of the 
curvature tensor vanish identically are known as manifolds with harmonic curvature. 
The curvature of such manifolds occur as a special case of Yang-Mills fields. These 



manifolds also form a natural generalization of Einstein spaces and of conformally flat 
manifolds with constant scalar curvature [3]. From equation (4.2) we thus have 

Theorem 4.1 : If the Ricci tensor is of Codazzi type then the manifold V 4 
is of harmonic curvature and conversely. 

Remark 4.1 : The Ricci tensor Ric(X, T) is said to be parallel if 

VzRic(X, Y) - VyRic(X, Z) = 0 
which means that the simplest Codazzi tensors are parallel ones. 

Now from equation (3.2) we have 

(4.3) VJi-tj = VA + i(y V.Bm - 
SO that the divergence of IT-curvature tensor is given by 

(4.4) = V»BL + I(V,Bm - gicVkRi) 
which leads to the following 

Theorem 4.2 : For a spacetime possessing harmonic curvature with divergence-free 
IF-tensor, the Ricci tensor is covariantly constant. 

While from equations (4.2) and (4.4) we have 

(4.5) = V dRbc — cRbd + cRbd — Qby hRd) 

Thus we can state the following 

Theorem 4.3 : If for a V 4 the divergence of IF-tensor vanishes and the Ricci tensor 
is covariantly constant then the spacetime is of constant curvature. 

Now using equation (3.21) in equation (4.5) we get 

(4.6) V/iITfecd = k(VdTfec — -VcTm) + -{ghdS cT — -gtydR) 
so that for a purely electromagnetic distribution, we have 

(4.7) = k(V,rfc - jV,Tm) 
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which leads to 


Theorem 4.4 : For a spacetime satisfying the Einstein equations for a purely 
electromagnetic distribution, the VF-curvature tensor is conserved if the energy-momentum 
tensor is covariantly constant and conversely. 

Consider now the energy-momentum tensor for a perfect fluid [cf, equation (3.14)] 

(4.8) Tab = (h + P)UaUb + pgab 
which leads to 

(4.9) T = -g + 3p 

If Tab is Codazzi and V = 0 then from equations (4.8) and (4.9), equation (4.6) 
leads to (k = 1 ) 

/ . . QX I [Vc(/i + p)UbUd + (/i + p)VcUbUd +{p+ p)UbVcUd + VcPQbdl 

+\gbcNc{,-p + 3p) - §gbcVd(-p + 3p) = 0 

Since VbUaU°' = 0, contracting equation (4.10) with g’^'^ we get 

(4.11) Ve(/i - 3p) = 0 
that is 

(4.12) {p — 3p) = constant 
Thus, we have 

Theorem 4.5 : If for a perfect fluid spacetime, the divergence of IF-curvature tensor 
vanishes and the energy-momentum tensor is of Codazzi type {p — 3p) is constant. 

It is known that [5] for a radiative perfect fluid spacetime {p = 3p) the resulting 
universe is isotropic and homogenous. Thus by choosing the constant in equation (4.12) 
as zero, we have the following 

Corollary 4.1 : If the energy-momentum tensor for a divergence-free VF-fluid 
spacetime is of Codazzi type then the resulting spacetime is radiative and consequently 
isotropic and homogenous. 


Now consider the spacetime for which the divergence of IF-curvature tensor 
vanishes, then from equation (4.6), we have (k = 1) 


(4.13) 


VrfTfec — -gbc'^dT — -V cTbd — -gbdS cT 

6 3 3 
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which on using equation (4.8) and (4.9) leads to 


Vd(^ + p)UbUc + p)VdUbUc + (^ + p)UbVdUc + VdPgbc - |t/fecVd(-^ + 3p) 

= i[Vc(h + P)UbUd +{p + p)VcUbUd + (h + P)Ub'^cUd + '^cPPbd] - |fi'6dVc(-/i + 3p) 

Contracting this equation with u'^, we get 

{p + p)UbUc +{p+ p)UbUc + (h + P)UbUc 
(4-14) +pghc - |(-yu + 3p)gbc + |Vc(/U + p)ub + |(/i + p)^cUb 

-^VcPUb + |Vc(-/x + 3p)ub = 0 

where an over head dot denotes the covariant derivative along the fluid flow vector Ua 
(that is, {p + p) = Vc{p + p)u^, iib = VcUbU"^, p = Vdpu'^, VbUaU'^ = 0, etc.). 

Also, the conservation of energy-momentum tensor {SIbT°'^ = 0) leads to 

(4.15) {p + p)ua =—VaP + pua (force equatiou) 

(4.16) p = —{p -|- p)VaU^ = —{p + p)Q (energy equation) 

Moreover, the covariant derivative of the velocity vector can be splitted into kinematical 
quantities as 

(4.17) VfeMa = -d{gab + UaUb) — Ua^b + ab + ^ab 

where 6 = VaU°‘, is the expansion scalar, iia = VbUaU^, the acceleration vector aab = 
h^hfuic-d) - \ 0 hab, the symmetric shear tensor {hab = gab - UaUt) and Uab = hlh‘lu[c-d] 
is the skew symmetric vorticity or rotation tensor. 

Using force equation (4.15) in equation (4.14), we get 

(4.18) {p - p)ubUc - Vbpuc + pgbc +\{p + p)VcUb - |(-Ai -h 3p)gbc + ^VcPUb = 0 
Contracting this equation with we get 

(4.19) ^{p - 3p)uc - cP = 0 

6 6 

Thus we have the following 

Theorem 4.6 : For a perfect fluid spacetime with divergence-free lU-curvature tensor, 
the pressure and density of the fluid are constant. 


11 



Now contracting the equation (4.18) with we get 

3 • 2 

(4.20) -{jj, - 3p)ub +-{fi + p)ui, + VbP = 0 

which on using force equation (4.15) leads to 

3 31 1 

-fiUb - —VdPu'^Ub + -VbP = 0 
2 0 3 

From energy equation (4.16), this equation yields 

3 31 2 

(4.21) - [{p + p)0]ub + —VdPu'^Ub - -VbP = 0 

2 6 3 

We thus have the following 

Theorem 4.7 : For a perfect fluid spacetime having conserved IF-curvature tensor, 
either pressure and density of the fluid are constant over the space-like hypersurface 
orthogonal to the fluid four velocity or the fluid is expansion-free. 

Consider now a perfect fluid spacetime for which = 0, then from equations 

(4.14) and (4.15), we have 


22) + ^p)ubUc + pgbc - ^bPUc - |(-/U -h 3p)gbc 

+ \Vc.{‘^p - 3p)ub + |(/x + p)VcUb + |Vc(-^ + 3p)ub = 0 

which on contraction with leads to 

(4.23) {p + 3p)uc + + 3p)uc + lVc{‘2p - 3p] + -h 3p) = 0 

This equation is satished only when 

(4.24) y c{‘^p — 3p) = —3{p + 3p)uc 
and 

(4.25) \/c{-p + 3p) = ~{-p + 3p)uc 


Using force equation (4.15) in equation (4.24), we get 


(4.26) 


{p + p)uc = --puc - g Vc(/i + 3p) 


Also, from force equation (4.15) and equation (4.25), we have 
(4.27) VcP =-3(p + p)uc - ^(5p - 21p)uc 
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From equations (4.22) and (4.24) we have 


(4.28) 


P9bc - VbPUc - |(-h + ^P)9bc 
+l{p + p)VcUb + |Vc(-/i + 3p)ub = 0 


which on multiplication with leads to 

(4.29) p=^(-^ + 3p) -^{g + p)e - ^Vc(-yn + 3p)n" 


Using energy equation (4.16) this equation yields 
(4.30) 

Also, from the equations (4.15) and (4.28), we have 


3 1 

P= ^9+ ^ Vc(-/i + 3p)n'^ 


(4.31) 


{p + p)ubUc + p{9bc + UbUc) + |(/r + p)VcUb 

-U-p + Sp]gbc + 4Vc(-yn + Sp)ub = 0 


which on using equations (4.25) and (4.29) yields 


{p + p)[3ubUc - -0{gbc + UbUc) + VcUb] = 0 


(4.32) 

This equation suggests that either 

(4.33) p + p = 0 


or 

(4.34) WcUb + 3ubUc - \o{gbc + UbUc) = 0 

o 

From equation (4.33) either yu = 0, p = 0 (neither matter nor radiation) or the 
perfect fluid spacetime with V = 0 satishes the vacuum-like equation of state [6]. 

Moreover, from equations (4.16), (4.25) and (4.29) we have 

(4.35) —p + 3p = constant 
while from equations (4.17) and (4.34) we have 

(4.36) ^iibUc T ^bc T ^bc 0 
which is satished only when iib = 0, abc = 0, Ubc = 0 
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Therefore, if ^ + p 7 ^ 0 then the above discussions show that the fluid is shear-free, 
rotation-free, acceleration-free and the energy density and pressure are constants over 
the space-like hypersurface orthogonal to the fluid four velocity. 

It may be noted that vanishing of acceleration, shear and rotation and the 
constantness of energy density and pressure over the space-like hypersurface 
orthogonal to the fluid flow vector are the conditions for a spacetime to represent 
Friedmann-Robertson-Walker cosmological model provided that fi + p 0 

Hence, summing up these discussions, we can state the following 

Theorem 4.8 : A perfect fluid spacetime with conserved IF-curvature tensor is 
either an Einstein spacetime {p + p) = 0 or a Friedmann-Robertson-Walker 

cosmological model satisfying p — 3p = constant. 
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